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1. INTRODUCTION 

Let A be the class of functions f of the form 
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Which are analytic in the unit disc E = {z: |z| < 1}. 

The definition of subordination is ∈f A is subordinate to g∈A, written as gf p ,there exists Schwarz function 

w(z) with w(0) = 0 and |w(z)| < 1 ( ∈z E) such that f(z) = g(w(z)), In particular, when g is univalent, then the above 

subordination is equivalent to f(0)’ = g(0) and f(E) ⊆ g(E), for any two analytic functions 
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then convolution 
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We denote by )10(),(),(* <≤ ααα cs the classes of starlike and convex functions of order α , 
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respectively defined by  
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For 0=α , we have the well know classes of starlike and convex univalent functions denoted 
*s  and c, 

respectively. 

Let )(αkP  be the class of functions P(z) analytic in the unit disc E satisfying the properties P(0)=1 and 
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Where ,2, ≥= krez iθ
and 10 <≤ α , using Herglotz – Stieltijes formula 
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Where )(αP  is the class of functions with real part greater then α  and ),(αPPi ∈  for i = 1, 2 we define the 

following classes 

[ ]

[ ]
[ ]

0t,10),(
)()()(1())()((

)()((
:)(

0>t,10),(
))()()(1())()((

)()(
:)(

2

2

>












<≤∈′−′−′−+−′′−′′

′
′+′′

∈=









<≤∈
−−−+−′−′

′+′′
∈=

λα
λλ

λ
α

λα
λλ

λ
α

kk

kk

P
zfzfzfzfz

zfzzfz
andAffV

P
zfzfzfzfz

zfzzfz
andAffR

       

(1.7) 

[ ]

.10

),(

))()()(1(

)()(()())()((

)()()2()(
:)(

2

23

1

<≤≤





















∈

−−+−+

−′−′−+−′′−′′
′+′′+++′′′

∈=

γλ

α

γλ
γλγλ

λγγλγλ
α kk P

zfzf

zfzfzzfzfz

zfzzfzzfz
andAffR                       (1.8) 

[ ]

[ ]
.10

),(

)()()(1(

)()(()())()((

)()()2()(
:)(

2

23

1

<≤≤

























∈

′−−+−+

−′−′−+−′′−′′

′
′+′′+++′′′

∈=

γλ

α

γλ

γλγλ
λγγλγλ

α kk P

zfzf

zfzfzzfzfz

zfzzfzzfz
andAffV

           (1.9) 

We note that 
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For 0,0,0 === γλ t  we obtain the well known classes Rk, Rk1, Vk, Vk1 of analytic functions with bounded 

radius and bounded boundary rotations, respectively. These classes are studied by Noor [3] in more details, also it can 

easily by seen )()( *2 αα SRk = and )()(2 αα cV = . Goel [6] proved that )(αcf ∈  implies that )(* αsf ∈  and 

)(* αSf ∈  

Where 
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and the result is sharp. In this paper, we prove the result of Goel [6] for the classes )(αkV , )(αkR , )(1 αkV  and 

)(1 αkR by using convolution and Subordination techniques. 

2. PRELIMINARY RESULTS 

We need the following results to obtain our results. 

Lemma 2.1: 

Let 2121 , ivvviuuu +=+= and ),( vuΨ be a complex valued function satisfying the conditions 

(i) ),( vuΨ  is continuous in a domain
2CD ⊂ . 
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If .......1)( 1 ++= zczh  is a function analytic in E. Such that Dzhzzh ∈′ ))(),((  and 

0))(),((Re >′ zhzzhψ  for ,Ez ∈  then Re h(z)>0 in E. 

3. MAIN RESULTS 

Theorem 3.1 

Let ),(αkVf ∈  then ),(αkRf ∈  where 
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P(z) is analytic in E with P(0)=1 then 
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Where 
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b  by using (3.1) with convolution, see [5], we have, that 
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Thus from (3.5) and (3.7) we have 
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We now from functional ),( vuψ  by choosing )(),( zzpvzpu ii

′== in (3.8) and note that the first two 

conditions of Lemma 2.1 are likely satisfied, we check the condition as follows 
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Where 
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The right hand side of (3.9) is negative if 0≤A  we have 

).1(888

)1(48)1(444)1(
)2)1(2(

4

1
)(

2

22222

λλλ

λαλαλαλααλ
αλλααββ

+++−+

+−++−+++
+++−==

 

Theorem 3.2 

Let ),(1 αkVf ∈  then ),(1 αkRf ∈  where 
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